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Abstract 

We show that Hausdorff dimension may be used to distinguish different dynamics of 
the relaxation in hierarchical systems. We examine the hierarchical systems following the 
temperature-dependent power-law decay and the Kohlrausch law. For our purposes, we con- 
sider a Levy stochastic processes on p— adic integer numbers. 

1 Introduction 

The Levy stochastic processes are natural generalization of the Brownian motion [TTJ [19] . The 
foundation for this generalization is the theory of the infinitely divisible probability distributions 
established by by the works of Khintchine [HI [15] and Levy [TT]. The further development is 
presented in the book of Gniedenko and Kolmogorov [12]. Levy processes are widely used to 
describe and model a wide range of physical processes, such as turbulence [TB], chaotic dynamics 
|30| . plasma physics [21] and phase transition [Sj. Let us notice that the Levy processes are 
frequently appear in financial dynamics [23 , biology [28| . 

In the case of the Euclidean space the a— stable Levy processes are characterized by the Levy 
index < a < 2, and when a = 2 we obtain the Gaussian process. The transition probabilities 
of the a-stable Levy process are solution of the fractional diffusion equation with fractional Riesz 
derivative [M]. The fractal dimension of stable Levy process with index a G (0, 1] is equal a |7j. 
In the case of the Qp space the similar results for the a— stable Levy processes hold pTl |9]. 

In our paper we consider the Levy process in the space of p— adic numbers. We consider the 
Hausdorff dimension of the spherically symmetric Levy processes which are used to describe the 
relaxation in hierarchical systems. We study the physical system which evolves in time by a jump 
from state to state in hierarchical space. Hierarchical structure of metastable states corresponds 
to such structure are expressed in terms of pure states in the sense of Prisi solution [22] . The tran- 
sitions between states are thermally activated with rates determined by the free energy barriers 
separating the states. The simplest case is a system with linearly growing, with distance, set of 
barriers. For such system we have the temperature-dependent power law of relaxation dynamics. 
Another case is a system with barriers grow in slower way, for example proportional to logarithm 
of distance separated states. In this case the system dynamics fulfills, for large t, the Kohlrausch 
law [2l[20]. 

To distinguish system with different dynamics we compare the Hausdorff dimension of the trajec- 
tory of the processes describing relaxation. 
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2 Levy processes with spherically symmetric measure 

Let p be an arbitrary prime number and let (Qp denote the set of p— adic numbers. A p— adic number 
is a, formal series, J2i>-M O'iP^, with coefficients Ui satisfying < ai < p — 1, where M < co. With 
this definition, a p— adic number a = '^iy_M '^iP^ ^^-^ be identified with the sequence {ai)i>^M 
of its coefficients. 

In order to introduce a distance between p— adic numbers a and b let us first consider an order of a 
p— adic number. The order of a p— adic number a = {a.i)i>^M is the smallest m for which a„i ^ 

ordp{a) = min{i : 7^ 0}, 

with the convention that minimum of the empty set is equal infinity. 

Now, in term of the function ordp{-), we may introduce in the space of p— adic number the norm 
II -Hp 

and the p— adic metrics 

dpix, y) = ||x--J/||p=p— 

For any xq G Qp and any integer number r G Z we may define a closed p— adic ball K(a,p^) with 
center a and radius p^ 

K{xo,p'') = {xe Qp, \\x-xo \\p< p''} . 

The family of all such balls constitutes a countable topological base for Qp. By dx we denote 
the normalized Haar measure, Jn^n dx — I, on Borel cr— field B of subsets of the space Qp. 
Let xi'^) denotes a normalized additive character of Qp, defined by the formula 

x{a) = exp(27ri{a}) 

where {a} is the fractional part of a G Qp. 

The Fourier transform of a complex valued function / G -Li(Qp) is defined for a G Qp by 

/(a) = / x{a'X)P{x)dx, 



We consider the Levy process on Qp, defined as in [S] 

Definition 1 The Hunt process X — (f2, J-'t, Xt, 6t, Px) with state space Qp and adjoined 
terminal state A is a Levy process on Qp if 

(1) fort>0 and A a Borel subset o/Qp {Xt e A) = Pq {Xt + x e A), 

(2) for allt>0 Po{Xt G Qp) = I. 

Let X be a Levy process on Qp with transition fimction Ft{dx). The Fourier transform of the 
transition function of the process X 



$(t,a) = / x{xa)Ft{dx), 
J<Op 

has the following Lcvy-Khinchine representation 

^{t,a) = exp <t {xi^<^) - ^)i^{dx) 
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where i G IR and v is Levy measure of the Levy process which satisfies for all n G IN condition 

v{%\{\\x\\j,<p^})<^. 

We now turn to the consideration of special class of Levy processes on defined in the following 
way. 

Let {a(Af ), M E 2} be a sequence of real numbers satisfying the following two conditions 

(i) a(M) >a(M + l), 

(ii) lim„^oo a{n) = 0. 

The (T— finite measure ly on defined by 

a{M)-a{M+l) 

M=-oo 



M ^ a{M)-a{M+l) 

U{dx)= 2^ pM(p _ 1) Ti{\\r\\,=pM+i}{x)dx (1) 



is a spherically symmetric Levy measure. 

The transition probability of a spherically symmetric Levy process can be written explicitly [3]. 
Denote 

oo 

Pm = (1 - p-^) J2 P"' e^Pi^(l - P)'\P<M + a{M + I + 1))}, 

1=0 

then the transition probability Pt of the process with Levy measure ([T]) is given by 

Pt{xo,K{x,p^'))=PMit) 

if II a:o — a; ||< p*^, and by 

Pt{x„, K{X, p^')) = p'-^ip - {PM+m{t) - PM+rn-l{t)) , 

if II a;o - a; ||=p*^+™, m > 1. 

The Levy processes with spherically symmetric Levy measures are examples of Markov processes 
withQp as the state space considered by Albeverio and Karwowski [HE]- The spherically symmetric 
Levy processes have been studied by probabilistic approach by many authors O [H [21 [29l [13], 
they were used to study the hierarchical systems dynamics in [SJ [51 [5D] The analytical approach 
to examine spherically symmetric Levy processes on Qp was presented in [H [51 [51 [T51 [T7] . In 
this approach authors use the pseudo-differential operators. The simplest of them, the fractional 
differentiation operator D" a > 0, was introduced by Vladimirov and is defined by [57] 



l-p-"-' Jq 



D'-fi^) = , J^., I II y lir"' (/(^ -y)~ /(^)) dy, 



where / £ D{Qp), the space of locally constant function with compact supports. The transition 
probabilities of a— stable Levy process on Qp are solution of the following Cauchy problem 



^^f{x,t) + a{D"f){x,t) = 0, 



where f{x, 0) = 6{x) and a > [T7j. 
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3 HausdorfF dimension of Levy processes on adic integers. 



In this section we first briefly recall the definition of some basic notions about Hausdorff dimension. 
Then we will describe Hausdorff dimension for processes studied in this paper. For the general 
theory of Hausdorff measure and Hausdorff dimension we refer to (TUl [H] . The Hausdorff 
measure is based on the notation of a covering of the metric space E by sets of finite diameter. A 
covering of E is an at most countable collection of sets Ei, E2, ■■■ with 

00 

Ec[jE,. 

For every s < we say that the s — value of the covering is J^'iLi where \Ei\ denotes the 

diameter of the set Ei. 



Definition 2 For every a > the a— Hausdorff measure of a subset A C E of a metric space E 
is defined as 

where 

HsiA) = {inf 1^ \E,\°' : (E,; i £ N) is a covering of A and \E,\ < . 

It can be shown that H" is a measure on Borel subsets of E and ifO<s<t<oo and A C E then 

(1) WiA) < 00 implies HHA) = 0, 

(2) n*{A) > implies H^A) = 00. 

Thus we can defined Hausdorff dimension in the following way. 
Definition 3 The Hausdorff dimension of a subset A dim (A) is defined as 

dimA = M{s: n'iA) ^0} = mi{s: n%A) <oo} 
^ sup{i: n\A) > 0} ^ sup{t : n\A) ^ 00}. 

In order to study sample path properties of the Levy processes on the space of p— adic integers, 
we can use the results by Evans, who investigated Levy processes on a locally compact totally dis- 
connected Abelian topological group. As in a case of Euclidean Levy process Hausdorff dimension 
of the path of p— adic Levy process, {X{t); t > 0}, is characterized in terms of exit times. 
Let for n > 

T{n) = inf {t>0: X{t) ^ K{0,p-'')} 
with the convention that inf = 00, and denote 

N) = P{X{t) ^ i^(0,p-"), forallt e [T(n), t{N))} . 

For any Borel set B C IR+ we define the range or path to be the random set generated by X 

X{B) ^{x eQp-. x = X{t) for some t e B}. 

The Hausdorff dimension of the sample path of spherically symmetric Levy processes on p— adic 
integers is described in the following result (see for a proof). 
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Theorem 1 Suppose that the exists an integer N such that v {^p\K[p ^) > 0, and for all p > 

lim p^''^q(n; N) = oo, 

n — i-oo 

then 

P{(3' dim B < dimX(B) < /3"dimB for all B) = 1, 

where 

/3' = inf(/3 : liminf iV)i^ (Zp\iC(0,p~")) = o| , 

(3" = inf |/3 : limsupp-''"g(n; iV)i/ (Zp\if(0,p"")) o| . 

Let {X{t) : t > 0} he the Levy processes on p— adic integers with Levy measure v such that for 
all n > 1 and for some a G (0, 1) 

then it was shown by Evans ([3], page 253) that 

P(dimX(B) ^ adim(B) for all B) = l. 

In the similar way we can show that for a Levy processes {X{t) : t > 0}, on p— adic integers with 
Levy measure v such that for all n > 1 and for some a > 

^.(zAi^(o,p-")) 

we have 

P{dimX{B) = for all B) ^ 1. 

Now we use these results to analyze relaxation dynamics in hierarchical system. The simplest 
model of diffusion on hierarchical space is the model proposed by Ogielski and Stein [21]. They 
consider a regular Cayley tree with M levels and fixed branching ratio p. The natural ultrametric 
distance d{k, I) between leaves k and / , is defined as equal to the height m, m = 0, 1, . . . , Af of 
their closest common ancestor. Transitions between states are thermally activated. The height of 
the energy barriers, Afc k — I, 2, ... , which the system overcomes can be ordered in the increasing 
sequence Ai < A2 < . . . < A^ .... Now, identifying the states x and y separated by the energy 
barrier A„ with leaves k and I, the probability of moving from state x to state y may be defined 
as equal to transition probability from leaf k to leaf / separated by the ultrametric distance m. 
Thus dynamics in the space of states separated by the energy barrier may be studied in terms of 
appropriate stochastic process involving the end points of Cayley tree, as a space of states. 
The rate of transition from a starting site at the Cayley tree to another site lying at an ultrametric 
distance k is given by exp{— Afc/T}, where T is normalized temperature. We may represent the 
end points of regular Cayley tree with M levels and fixed branching ratio p as a set of disconnected 
balls with fixed radius covering space of p— adic integer Zp and define an appropriate spher- 
ically symmetric Zp— valued Levy process pU] , 

For the sequence of barriers linearly growing with distance A^: = A fc for some positive constant 
A we consider Zp— valued Levy process {X{t); t > 0} with a Levy measure iy{dx) such that 

i.(Zp\if(0,p-")) =p-"", 

where a = A(Tlnp)~^. 

If A and T are such that A(Tlnp)^^ < 1, then Hausdorff dimension of the path X([0, 1]) is equal 
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to a = A(Tlnp) ^, with probability one. 

For the sequence of barriers growing in a slower way, A/j = A Infc, we consider 2p— valued 
Levy process {Y{t); t>0} with a Levy measure ^{dx) such that 

where a = A(Tlnp)~^. 

In this case Hausdorff dimension of the path ^([0, 1]) of the process is equal 0, with probability 
one. 
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